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ABSTRACT. In this project, we present the notion of a pointwise bi-slant Riemannian submersion in the
almost product context, generalizing the ideas of slant, pointwise slant, anti-invariant, semi-slant, pointwise
semi-slant, and bi-slant submersions. Necessary and sufficient conditions for the integrability and total
geodesicity of certain distributions of the fibers of a pointwise bi-slant submersion are given. Moreover, we
provide many relations between pluriharmonicity, ¢-invariance, integrability, and total geodesicity for such
submersions.

1. INTRODUCTION

The theory of submanifolds has been shown to be quite useful in Differential Geometry. It:

e generalizes the concept of curves and surfaces to higher dimensions,

e enables the study of complex geometries that Euclidean spaces cannot fully capture,

e provides a framework to analyze the intrinsic properties of curvature, tangent spaces, geodesics, and
other geometric structures,

e allows for the representation of complex shapes and motion paths in an efficient, compact manner
in robotics and computer graphics,

e develops powerful tools for shape matching, registration, and analysis by representing shapes as
submanifolds in shape analysis,

e helps solve differential equations in various applications, such as fluid dynamics, heat conduction,
and elasticity,

e aids in representing configuration spaces of physical systems,

e aids in understanding the underlying structure of high-dimensional data in terms of data visualiza-
tion, dimensionality reduction, and clustering.

Overall, submanifolds provide a powerful and flexible framework for understanding complex geometries and
their intrinsic properties. They offer a deeper insight into the structure of spaces, and crucially, they find
applications across a wide range of disciplines, making them an essential concept in modern mathematics
and its various applications.

The importance of submanifolds prompted the Geometers to define and study specific submanifolds. One
of the ways to obtain a submanifold is by working with submersions. The most well-known and studied map
of this kind is the Riemannian Submersion. The notion of Riemannian submersion was introduced first by
O’Neill with the following definition.

Definition 1.1. [9] Let (My, ¢1) and (Ms,g2) be Riemannian manifolds, where dim(M;) is greater than
dim(My). A surjective mapping
Ui (My,91) — (M2, g2)

is called a Riemannian submersion if
(S1) ¥ has maximal rank, and

(S2) V., restricted to ker U}, is a linear isometry.

In this case, for each ¢ € My, ¥~1(q) is a k-dimensional submanifold of M, called a fiber, where
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Later, Watson considered Riemannian submersions between almost Hermitian manifolds and called them
almost Hermitian submersions [23], where the submersion is now a complex mapping. Another submersion,
called an anti-invariant Riemannian submersion, was defined also in a complex context by Sahin [I2]: in this
case, the fibers are horizontal under the action of the almost complex structure, i.e. they are anti-invariant
submanifolds of the total space. Outside of these specific cases, the notion of a Riemannian submersion has
been considered in many other contexts, such as contact [32], complex [5], almost product [33], and more. In
all of these studies, submersions were defined based on the action of the structure of the manifold on the fibers.

Crucially for this report, another type of submersion called a bi-slant Riemannian submersion was given
in a complex context with the following definition.

Definition 1.2. [26] Let (M,g,J) be a Kaehler manifold and (N, gy) be a Riemannian manifold. A
Riemannian submersion = : (M,g,J) — (N, gn) is called a bi-slant submersion if there are two slant
distributions D C kern, and D% C kerr, such that

(1.1) kerm, = D @ D%,

where D% and D2 have slant angles #; and 5, respectively. If each slant angle is neither zero nor 5, then
the bi-slant submersion is called a proper bi-slant submersion.

The angles 6; and 0, are constants in this definition. Generalizing, Sepet et al. considered the angles as
functions and defined a pointwise bi-slant Riemannian submersion in a complex context [I8] and a contact
context [19]. However, since the structure of the manifold plays a role in defining a submersion, a natural
question is:

What if we consider a pointwise bi-slant Riemannian submersion in an almost product context?

This is the very question this report considers. First, we present preliminary information to understand the
coming results, including formally defining an almost product Riemannian manifold and a pointwise bi-slant
Riemannian submersion, as well as presenting an example of a pointwise bi-slant Riemannian submersion in
an almost product context.

2. PRELIMINARIES

2.1. Riemannian submersions. When considering a Riemannian submersion 7 : (M,g) — (N,g), we
recall the following observations and concepts:
e A vector field on M is called vertical (resp. horizontal) if it is always tangent (resp. orthogonal) to
fibers.
e We will denote by V and H the projections on the vertical distribution ker 7, and the horizontal
distribution ker 7, respectively.
e The manifold (M, g) is called the total manifold and (N, g) is called the base manifold.
e A vector field X on M is called basic if X is horizontal and 7w-related to a vector field X, on N, i.e.,

T Xp = Xun(p), V0 € M.

The last fact given above yields the following lemma [9], which explains the preservation of brackets, inner
products, and covariant derivatives.

Lemma 2.1. Let 7 : (M,g) — (N,g) be a Riemannian submersion between Riemannian manifolds. If X
and Y are basic vector fields, then

g(Xv Y) = g(X*vy*) om,

the horizontal part H[X,Y] of [X,Y] is a basic vector field corresponding to [X., Y],

the horizontal part H(VYY) of VAY is the basic vector field corresponding to V%* Y.,

[U, X] is vertical for any vector field U of ker m,.

2.2. O’Neill’s tensors. The geometry of Riemannian submersions is characterized by O’Neill’s tensors T
and A, defined as follows:

(2.1) TeG = VVyeHG + HVyEeVG,
(2.2) ApG =VVyupHG + HV VG,
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where E and G are vector fields of M and V is the Levi-Civita connection of g. It is clear 7 and A reverse
the vertical and horizontal distributions, respectively. We also see that Tz and Ag are skew-symmetric
operators on the tangent bundle of M, meaning for all £, F,G € T'(TM),

9(F,TeG) = —g(TeF, G),
9(F, ApG) = —g(ApF, G).
Moreover, let V, W be vertical and X,Y be horizontal vector fields on M. Then we have

(2.3) TvW = TwV,

1
(2.4) AxY = -Ay X = §V[X, Y]
On the other hand, from (2.1)) and (2.2)), we obtain
(2.5) VyW =Ty W + Vy W,
(2.6) Vv X =Ty X +HVy X,
(2.7) VxV =AxV +VVxV,
(2.8) VxY =HVxY + Axy,
where Vy W = VV, W. Lastly, if X is basic,
(2.9) HVy X = AxV.

For more details, we refer to O'Neill’s paper [9] and the book [5].
Remark: in this paper, we will assume all horizontal vector fields are basic.

2.3. Almost product Riemannian and locally product Riemannian manifolds. An m-dimensional
manifold M is called an almost product manifold if it is equipped with an almost product structure ¢, which
is a tensor field of type (1,1), satisfying

(2.10) ¢? = id (¢ # +id).

We denote an almost product manifold by (M, ¢). Moreover, if (M, ¢) admits a Riemannian metric g
satisfying

(2.11) 9(oE, ¢G) = g(E,G) for each E,G € T'(TM),

then M is said to be an almost product Riemannian manifold.

Now, let V be the Riemannian connection with respect to the metric g on M. Then M is called a locally
product Riemannian manifold (briefly, I.p.R.) if ¢ is parallel with respect to the connection, i.e. [25]

(2.12) V¢ = 0.

3. POINTWISE BI-SLANT SUBMERSIONS

With the relevant background covered, we are now able to define a pointwise bi-slant submersion in an
almost product context. This submersion sets itself apart from the previously-defined bi-slant submersion
(see [26]) since slant angles are not constant here but rather functions over the total manifold. The pointwise
bi-slant submersion can therefore be seen as a generalization of the bi-slant submersion.

Definition 3.1. Let (M, g,¢) be an almost product Riemannian manifold and (N,g) be a Riemannian
manifold. A Riemannian submersion 7 : (M,g,¢) — (N,g) is called a pointwise bi-slant Riemannian
submersion if the vertical distribution ker 7, decomposes into two orthogonal complementary distributions

D1 and DP:
(3.1) ker m, = D% @ D%,

In this case, D% for i € {1,2} is a pointwise slant distribution where the angle §; between ¢U and the space
(D%), (for all ¢ € M) is independent of the choice of nonzero vector U € T'(D%),. We call ; and 60 the
slant functions of the pointwise bi-slant Riemannian submersion.
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Ezxample. Consider the standard Euclidean space R® with the standard metric g. One can see that
o1(x1, 22, ..., x8) = (—x3, T4, —T1, To, —T7, T, —T5, Tg)
and
da(x1, T2, ..., x8) = (X2, X1, T4, T3, T6, T5, T8, T7)
are almost product Riemannian structures on R®, where ¢1¢o = —¢2¢;1. For any smooth function 7 : R® —
R*, we can define a new almost product Riemannian structure given by

¢1,2 = fo1 + heo,
where f and h are defined by
fiR®—{-1} — R,

T
f T1,T2y..., T8 = -
( ) (x1)2 +1
h:R® — R,
1
h(zi,20,...,28) = ——.
( ) (I.Cl)z +1

It is easy to check that (R®, ¢y 2, 9) is an almost product Riemannian manifold.
Now, let © be a map between R® and R* defined by

T1 — X3 T2 — Ty T5+Tg —$6+$7)

W(Il,l‘g,...,.’lig):( N AR R R

Then the decomposition ker 7, = D @ D where

D = Spcm{ 9 + 0 0 +8},

81'1 a.fg’ 8;102 8$4
0 0 0 0
02 _ -
b Span{ 81‘5 6I87 8566 + 31’7 }

shows that 7 is a pointwise bi-slant submersion with slant functions

6 =cos '(g) and 6Oy =cos ' (—f).
(These slant functions can be found by direct calculation.) &

Further analyzing the almost product structure ¢, it is known that we may find ways to decompose the
vector fields ¢X and ¢¢, where X € T'(ker7,) and ¢ € I'(ker m, 1), into horizontal and vertical components.
These decompositions are not unique, and they are in general different for horizontal and vertical fields.
Thus, we notate them generally in the following definition.

Definition 3.2. Let 7 : (M,g,¢) — (N, g) be a pointwise bi-slant submersion from an almost product
Riemannian manifold M onto a Riemannian manifold N. Then, for any V' € I'(ker 7r,), we may decompose

¢(V) as

(3.2) (V) =tV +nV,
where tV € T'(ker7,) and nV € I'(ker m,+). Similarly, for any ¢ € T'(ker 7, *),
(3.3) 66 = 7€ + NE,

where 7¢ € I'(ker,) and N¢ € I'(ker m,1).
With these canonical forms now written, we may find immediate corollaries that will be used often in the
coming theorems.

Corollary 3.3. Let m : (M,$,9) — (N,g) be a pointwise bi-slant Riemannian submersion from almost
product Riemannian manifold M onto Riemannian manifold N. Then, for any X,Y € T'(kerm,) and any
B,€ € I'(kerm,t),

I) g(tX,Y) = g(X,tY),

) g(NB,§) = g(B, N§).
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Corollary 3.4. Letw: (M,g,6) = (N,g) be a pointwise bi-slant submersion from almost product Riemann-
ian manifold M onto Riemannian manifold N. Then, for any X € T'(ker7,) and any & € T'(ker 7, %),

) i) X =tX+ InX,
i) 0= NnX + ntX,
II) i) € =N%*+nTE,
i) 0 =tTE&+ TNE.
Proof. Let X € kerm,. Then:
X =¢*’X
=¢(tX +nX)
=t*X +ntX + InX + NnX
=0=(—X+t*X + InX) + (NnX + ntX).

We have divided the above sum into horizontal and vertical parts. Since both parts sum to 0, both must
individually be 0, yielding item and item The other two may be found in a similar manner. ]

Corollary 3.5. Let m : (M,g,6) — (N,g) be a pointwise bi-slant Riemannian submersion from locally
product Riemannian manifold M to Riemannian manifold N where V is the Levi-Civita connection of g.
Then, for any X,Y € I'(kern,) and any f3,& € I'(ker 7, 1),

I) i) VxtY +Tx(nY) = FTTx(Y) +tVxY
i) Tx(tY) + Any (X) = NTx (V) +nVxY,
1) i) VeTE+ As(NE) = T HVsE + tAs(€)
i) Ag(T€)+HVNE = NHVpE +ndg(€),
1) i) VetX + As(nX) = T As(X) +tVsX
i) Ag(tX)+HVsnX = NAs(X) +nVsX,
IV) i) VxTE+ Tx(NE) = T Ae(X) + tTx (€)

i) Tx (7€) + Ane(X) = NA(X) 4+ nTx (€).
Proof. Let X,Y € T'(kerm,). Because ¢ is parallel to the connection V, we know Vx¢Y = ¢VxY. Then
we may use eq. (2.5) and eq. (2.6) to show the following:

VxoY =oVxY
VxtY + VxnY = ¢(Tx(Y) + VxY)
Tx(tY) 4+ VxtY + Tx(nY) +HVxnY = TTx(Y)+ NTx(Y) +tVxY +nVxY.

Each vector field in the final equation is either horizontal or vertical. Thus, we may rewrite this equation
into a sum of vertical vector fields plus a sum of horizontal vector fields. These sums add to 0, and so
the horizontal and vertical parts must both be 0 individually. This immediately yields item and, upon

substitution of HVxnY = A,y (X) from eq. (2.9), we find item All other equations may be found
using a similar method. O

It is known in the literature that the pointwise slant distributions D% (j € {1,2}) are t-invariant, meaning
for all V € T\(D%), tV € T'(D%). Using this fact, the next corollary follows.

Corollary 3.6. Let 7 : (M,g,¢) — (N,g) be a pointwise bi-slant Riemannian submersion from almost
product Riemannian manifold M onto Riemannian manifold N, and let V € T'(D%) where i € {1,2} Then,

I) 2V = cos? (6;)V,
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II) TnV =sin? (6;)V,
III) g(tV,tV) = cos? (0;)g(V, V),
1V) g(nV,nV) = sin® (6:)g(V, V).

Proof. Without loss of generality, let V € T'(D%).
I) Since tV € T'(D%), we get that

g(oV,tV)
o8O = IVIev]
_g(tVitV)
VIV
_ vl
K

But then, because g(¢V,tV) = g(V, ¢tV'), we also have that

g(V,¢tV)
cosf) = =——=
VIV
~ g(V. 12V +ntV)
VIV
_ 9V, ?V)
VIV
Which, in turn, implies:
V,t*V
cos?(6;) = g<||{/||2) = g(V,V)cos? 61 = g(V,1*V)

= 1?V = cos® (61)V.
IT) Using item from corollary the result follows immediately.
IIT) Using item [I)| from corollary and result I from this lemma, the result follows.

IV) Notice that:
g(V. V) =g(eV,oV)
=g(tV,tV) + g(nV,nV)
=cos? 0,9(V, V) + g(nV,nV),
= g(nV,nV) = sin? (6,)g(V, V).

|
We may also draw more conclusions on the behavior of the canonical forms ¢,n,.7, and N using their
derivatives. They are given below, and the coming theorem relates the parallel conditions of these derivatives.

Definition 3.7. Let 7 be a Riemannian submersion from a locally product Riemannian manifold (M, ¢, g)
to a Riemannian manifold (N, g). Then the derivatives of t,n, 7, and N are given by the following: for all
U,V € T'(kerm,) and ¢ € T'(ker 1),

(Vpt)V = VytV =tV V,
(Vyn)V = HVynV —nV,V,
(Vo) =VuTE = T HVE,
(VyN)E =HVyNE— NHVE.
Using eq. and corollary we may rewrite these derivatives in other forms. These are given below:
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4) (Vyt)V = VitV =tV V = TTy(V) = Tu(nV),
5) (Vyn)V = Ay (U) = nVy,V = NTo(V) = Ty (tV),

6) (VuZ)e =VyTE— TA(U) = tTu(€) — Tu(NE),

7) (VuN)§ = Ane(U) = NA(U) = nTu(§) — Tu(TE).

Theorem 3.8. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian

manifold (M, ¢, g) onto a Riemannian manifold (N,g). Then Vn =0 if and only if VT = 0.

Proof. Let U,V € I'(kerm,) and ¢ € I'(ker m,+). Then we know the following is true:

gV, tTu(§)) = g(tV, Tu(€)) = —g(Tu (tV),§).
If we let Vn = 0, then we know from eq. that Ty (tV) = NTy (V). Therefore,

g(V,tTu(§)) = —g(NTu(V), &) = —g9(Tu(V), N¢) = g(V, Tu (NY)),
= g(VitTu(§) — Tu(N§)) =0.
This implies t7(€) — Tu(NE) = 0 for all vertical U and horizontal &; therefore, eq. implies V.7 = 0.
We can then employ a similar method to prove V.7 =0 = Vn = 0. First, we know
96 NTo (V) = 9(NETo (V) = ~g(To (NE). V).
Then, assuming V.7 = 0, we know Ty (NE) = tTy(€) by eq. (3.6). Therefore,

9(&NTu(V)) = —g(tTu(§), V) = —g(Tu (§),tV) = g(&, Tu (tV))
= g(§{, NTu(V) = Tu(tV)) = 0.

This implies NTy(V) — Ty (tV) = 0 for each U,V € I'(ker 7, ), meaning Vn = 0.

4. INTEGRABILITY

Using these identities with the canonical structures, we may now discuss properties of the distributions
yielded from pointwise bi-slant Riemannian submersions. The first condition of interest is integrability: a
distribution of a manifold is integrable if, for any point on the manifold, there exists a submanifold containing
the point such that the tangent space at the point is equal to the distribution at the point. Amazingly,
Ferdinand Georg Frobenius was able to show that a distribution D of a smooth manifold is integrable if and
only if for any X,V € I'(D), [X,Y] € T'(D). For our specific work, we derive some equivalent conditions for
the integrability of the distributions D% and D . To do this, we first define the second fundamental form
of a smooth map between manifolds.

Definition 4.1. Let m be a C° map between a Riemannian manifold (M, ¢g) and a Riemannian manifold
(N,3). The second fundamental form of  is then given by

(4.1) (Vi )(X,Y) = Vim.Y — m.(VxY),

where V7 is the pullback connection and we, conveniently, denote V as the Levi-Civita connections of g and

g- 27
We want to incorporate the metric g into our equivalent conditions for the integrability of the slant
distributions. Thus, to give these conditions, we need the following result.

Theorem 4.2. Let m : (M,g,¢) — (N,g) be a pointwise bi-slant Riemannian submersion from a locally
product Riemannian manifold M to a Riemannian manifold N where ker , = D@ D% and leti,j € {1,2}
with i # j. Then, for any X,Y € ['(D%) and U € T'(D%),

I) g(VxY,U) = —csc? b [g(X, Ty (ntU) + Ty (nU) + Any(nU))}

1) g(VxY,U) = sec? 6 [g(ﬁxtY, tU) + g(X, Tor (nY') + Ty(ntU))]
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Proof. Let X,Y € I'(D?%) and U € T'(D%). Then,
9(VxY,U) = g(¢VxY,9U) = g(¢VxY,tU) + g(6VxY,nU)
— 96>V XY, 6tU) + g(6V x Y, nU)
= g(VxY,t2U) 4+ g(VxY,ntU) + g(¢VxY,nU).

Using corollary t2U = cos?® 6;U. Thus:
(4.2) sin® (0,)9(VxY,U) = g(VxY,ntU) + g(¢VxY,nU).

We now manipulate the term g(¢V xY, nU) using the parallel condition for ¢, the skew-symmetric properties
of T and A, equations [2.5] and 2.6] and the assumption that nY is basic:

9(¢VXY, nU) = g(Vx(¢Y),nU)

=g9(Vx(tY),nU) + g(Vx (nY),nU)

9(Tx (tY) + VxtY,nU) + g(H VxnY + Tx(nY),nU)
g(Tx (tY),nU) + g(HVxnY,nU)

= 9(Tey (X), nU) + g(Any (X),nU)

—g(X, Tiy (nU) + Apy (nU))

We may now plug in this result for g(¢V x Y, nU) into eq. (4.2]), and then use the same properties and lemmas
as used previously to derive the following:

sin® (0,)g(VxY,U) = g(VxY,ntU) — g(X, Toy (nU) + Any (nU))
= g(TY (X)v ntU) - g(X, IEY (nU) + AnY (nU))
= —g(X, Ty (ntU) + Tey (nU) + Any (nU)).

This implies the first result.
To find the second result, we use the same relation:

9(VxY,U) = g(¢VxY,tU) + g(¢VxY,nU)

= g(oVxY,tU) + g(¢*VxY, ¢nU)

=g(oVxY,tU) + g(VxY, TnU) 4+ g(VxY, NnU).
Using item in corollary we may rewrite the middle term as follows:

9(VxY,U) = g(¢VxY,tU) + g(VxY,U — t*U) + g(VxY, NnU)
= g(¢VxY,tU) + g(VxY,U) = cos® (6;)9(VxY,U) + g(VxY, NnU)
= cos? (0;)9(VxY,U) = g(¢VxY,tU) + g(VxY, NnU)
Using the parallel condition, the corollaries for the canonical forms, and similar methods used to find the
first result, we may rewrite the equation above as follows:
cos?(0;)g(VxY,U) = g(VXqSY tU) 4+ g(VxY,NnU)
g(VxtY, tU) +g(VxnY,tU) + g(VxY,NnU)

)
=g —9(Tx (tU), nY)+9(Ty( ) nU)
=g (Tew (X),nY) — g(Ty (NnU), X)
= g(VxtY,tU) + g(Tow (nY), X) — g(Ty (NnU), X)
= g(VxtY,tU) + g(Taw (nY) = Ty (NnU), X)
= g(VxtY,tU) + g(Tir (nY) + Ty (ntU), X)
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This yields the second result. O
Using this important result, we are now ready to give conditions for the integrability of the slant distri-
butions.

Theorem 4.3. Let w be a pointwise bi-slant Riemannian submersion mapping from an l.p.R manifold
(M, ¢,g) to a Riemannian manifold (N,g) where ker 7, = D% @ D%. Leti,j € {1,2} with i # j. Then the
following conditions are equivalent: for all X,Y € T'(D%) and U € T'(D%),

1) D% is integrable,

) 0=gnU Tix(Y)+ Aux(Y) = (Tiy (X) + Any (X))).
III) 0 = g(tU,VxtY — VytX) + g(m.(nY), (V) (X, tU)) — g(m (nX), (V) (Y, tU))
IV) 0 = g(m(nU), (Vm)(tX,Y) + (V) (nX,Y) — (V) (Y, X) — (V) (nY, X))

Proof. Let X,Y € I'(D%) and U € T'(D%). We may use the Frobenius theorem to show that D% is
integrable if and only if g([X,Y],U) = 0 for all X,Y € I['(D%) and U € I'(D%). This will be used in proving
the equivalence of the four conditions.

To show (I) <= (II), we take equation 1 from theorem [4.2| to yield the following:

9([X,Y],U) = g(VxY,U) — g(Vy X,U)
= — s 0;[g(X, Ty (ntU) + Ty (nU) + Any (nU))
—g(Y, Tx(ntU) + Tex (nU) + A, x (nU))]
= —osc® 0;[9(X, Ty (nU) + Any (nU) = g(Y, Tix (nU) + Anx (nU))
+ 9(X, Ty (ntU)) — g(Y, Tx (ntU))]
= —Csc20 [9(X, Tey (nU) + Ay (nU)) — g(Y, Tex (nU) + A, x (nU)) + 0]
= csc? 0,[g(Tiv (X), nU) + g(Any (X),nU) = (9(Tex (Y), nU) + g(Anx (Y),nU))]
(4.3) = —esc?(0;)g(nU, Tex (V) + Anx (V) = (Tov (X) + Any (X))

,n

Equivalence is then clear from the final equation.
To prove (I) <= (III), consider equation 2 of theorem [4.2] Then:
g([X,Y],U) = sec? 0;(g(VxtY — VytX,tU) 4+ g(X, Ty (nY) + Ty (ntU))
= 9(Y, Tew (nX) + Tx (ntU))]
=sec? 0;[g(VxtY — VytX,tU) — g(Tx (tU),nY) — g(Ty (X), ntU)
+9(Ty (tU),nX) + g(Tx (Y),ntU)]
=sec? 0,[g(VxtY — VytX,tU) — g(Tx (tU),nY) + g(Ty (tU),nX)).

We know Tx (tU) and Ty (tU) are horizontal, and therefore we may use the fact that 7 is an isometry when
restricted on ker m,* to yield the following:

g([X,Y],U) = sec? 0,[g(tU, VxtY — VytX) — g(m.(Tx (tU)), . (nY))
+ 9(ma (Ty (tU)), me (n.X))]
= sec? 0,[g(tU, VxtY — VytX) — §(m.(VxtU), m(nY))
+ §(m(VytU), me(nX))].
Let us then use the definition of the second fundamental form of 7 to rewrite the push-forwards above:

(V) (Y, tU) = VymtU — m. (Vy tU)
= V30— m(Vytl)
= —m.(VytU)

= m.(VytU) = —(Vm.) (Y, tU).
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Similarly, m.(VxtU) = —(Vm,)(X,tU), and thus:
g([X,Y],U) = sec? 0;[g(tU, VxtY — VytX) + g((Vm ) (X, tU), 7. (nY))
— g((Vm ) (Y, tU), m (nX))].

To show I and IV are equivalent, consult eq. (4.3) and note that all terms in the metric are horizontal.
We may then use the fact that 7 is an isometry on ker 7, to yield the following:

9([X,Y],U) = —csc?(0;)g(me (nU), 7 (Tex (Y)) + T (Anx (V) = me(Tiy (X)) = me(Any (X))
= —csc2(0;)g(ma (nU), me(HVixY) + me(H VyxY) = m(H Viy X) — m(H Vyy X))
= —cs5c?(0,)g(m(nU), 1 (VixY) + 1 (ViuxY) = 1 (Viy X) — 1 (Vy X)).

In a similar manner as when we proved (I) <= (III), we may rewrite the final equation above using the
second fundamental form of :

9([X, Y], U) = esc?(0,)3(m. (nU), (Vr) (tX, V) + (V) (nX, V) — (V) (1Y, X) — (V) (nY, X)).

5. ToTALLY GEODESIC DISTRIBUTIONS

We now examine the totally geodesic condition for the integral manifolds of the distributions ker 7,
ker -, D%, and D% . To define both integral manifolds and total geodesicity more clearly, we define an
integral manifold of a distribution as a family of integral curves of all vector fields of that distribution. We
also say a submanifold M; of a Riemannian manifold (M, g) is totally geodesic if any geodesic on M using the
Riemannian metric g restricted on the submanifold is also a geodesic on M. When describing this condition,
we will use language like: ‘ker 7, is totally geodesic,” meaning that the integral submanifold corresponding to
ker 7, is totally geodesic. Equivalently, we may also say that ker 7, defines totally geodesic foliations on the
total manifold, and the same language applies for ker m,=. For D% the language: ‘D% is totally geodesic’
refers to the integral submanifold corresponding to D% being totally geodesic to the integral manifold of
ker 7.

The first equivalent conditions for the distributions ker m,, ker 7+, D%, and D% to be totally geodesic
are given in the lemma below. These conditions will be used throughout this report.

Lemma 5.1. [26] Let 7 be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N, g) with ker 7, = D% @ D% . Then, we have the following:

I) ker 7, is totally geodesic if and only if HV xY =0 for each X,Y € I'(ker ).
II) kerm,* is totally geodesic if and only if VW =0 for each Z,W € I'(ker 7, t).
III) D is totally geodesic if and only if Vx, Yy € D(D?) for each X,,Y; € T(D%).

IV) D% is totally geodesic if and only if Vx,Ys € T(D%) for each Xs,Ys € T(D%).

From this lemma, two immediate corollaries follow. First, we see it is clear ker 7, is integrable if it is
totally geodesic since, by assumption, VxY = VxY for cach X,Y € I'(ker 7). Therefore, [X,Y] € I'(ker m,)
for all vertical X and Y, implying ker 7, is integrable. By a similar procedure, ker 7, is integrable if ker 7, *
is totally geodesic. The first corollary of lemma then shows a similar result also holds for the pointwise
slant distributions D% :

Corollary 5.2. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian

manifold (M, ¢, g) to a Riemannian manifold (N,g) with ker 7, = D% @ D%, and let j € {1,2}. Then D%
is integrable if D% is totally geodesic.

Proof. Let X,Y € I'(D%) and assume D% is totally geodesic. Since X and Y are vertical, [X, Y] is vertical,
implying
(X,Y] =V[X,Y] = (VxY — VyX) € T'(D%).
g

€

The second immediate corollary of lemma gives conditions for when kerm, and kerm,— are totally

geodesic, as well as other useful relations when the totally geodesic condition is satisfied.
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Corollary 5.3. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g), and let X,Y € T'(ker7.) and 3,¢ € T'(ker . t). Then,

1) kerm, is totally geodesic
i) iff T =0 on kerm,,

it) implies Tx(nY) =tVxY — VxtY,
i) implies Apy (X) =nVxY.

II) ker .t is totally geodesic
i) iff A=0 on kerm,t,

i) implies Ag(TE) = NVg€ — VgNE,

iti) implies Vg 7€ = TV gE.

Proof. Let X,Y € I'(ker 7, ). First, from eq. (2.5) we know that
VxY = Tx(Y) + @XY,

and thus we can see that VxY = VxY <= Tx(Y) = 0. This shows item
Now, quote item from corollary

VxtY + Tx(nY) = TTx(Y) + tVxY.

Assuming ker 7, is totally geodesic, we know Tx (Y) = 0, implying that 7 Tx(Y) = 0. Using the same rule,
VxtY = VxtY and tVxY =tV xY. Therefore,

Tx (TLY) =tVxY — VxtY.
This proves item For the third relation, we use the following equation from corollary
Tx (tY) + Ay (X) = NTx (Y) + nVxY.

By assumption, we know Tx (tY) = 0 and NTx (Y) = N(0) = 0. Therefore, after noting that VxY = VY,
we know

.Any (X) = nVXY.
We can prove the other three equations with similar methods using eq. (2.8]) and corollary O

With these smaller corollaries finished, we may now provide theorems for equivalent conditions for ker 7,
and ker ,* to be totally geodesic, which will lead to a larger theorem using both.

Theorem 5.4. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, g, ) to a Riemannian manifold (N,g). Then the following are equivalent: for each XY €
I(kerm,),

I) kerm, is totally geodesic,
II) NTx(tY) 4+ nVxtY +nTx(nY) + NA,y(X) =0,

IIT) VxY = TTx(tY) + tVxtY + tTx (nY) + T Ay (X),
Proof. Let X,Y € I'(ker 7). Then,
VxY = ¢VxoY

= ¢(VxtY + VxnY)

= ¢(Tx (tY) + VxtY + Tx (nY) + HVxnY)

= TTx(tY) + NTx (tY) + tVxtY +nVxtY

+tTx(nY) +nTx(nY) + T(HVxnY)+ N(HVxnY).

This implies
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(5.1) VxY = ITx(tY) + tVxtY + tTx(nY) + T Any (X),
HVxY = NTx (tY) +nVxtY +nTx(nY) + N Ay (X).
We know ker 7, is totally geodesic if and only if H VxY = 0 by lemma and thus NTx (tY) +nVxtY +
nTx(nY)+ NA,y(X) =0 if and only if ker 7, is totally geodesic, showing I <= II. To prove I < III,

we know by lemma again that kerm, is totally geodesic if and only if VxY = VxY, and so the first
equation above shows I and I are equivalent. O

Theorem 5.5. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M,g,¢) to a Riemannian manifold (N,g). Then the following are equivalent: for all 8,& €
I'(ker 7, t),

I) kerm,* is totally geodesic,
II) TA(TE) +tVsTE +tAz(NE) + T HVsNE = 0.

IIT) V& = NAs(T€) +nVsT€ +nAg(NE) + NHVgNE
Proof. Let 8,¢ € T'(ker m, ). Then,
V€ = ¢Vs6¢
= ¢(Vp T+ VsNE)
= ¢(Ap(TE) + VsTE + As(NE) + H V3 NE)
= (TAs(TE) +tV3T€ + tAg(NE) + T HV5NE)
+ (NAG(T€) +nV.TE + nAg(NE) + N HV5NE).
Therefore:
HV e =NAg(T€) +nVp.TE +nAg(NE) + NHVsNE,
Vs =T Ag(TE) +tVpTE +tAg(NE) + T HVgNE.
By lemma ker 7. & is totally geodesic if and only if %g = 0 for each B3,¢ € I'(kerm, 1), and thus the
result follows in a similar manner as theorem [5.4 O
We now combine these two theorems. It is known in the literature that, if kerw, and kerm,t define
totally geodesic foliations on M, then M can be written as the product of the integral manifolds of ker m,
and ker m,t, denoted Mie», and Myer 1 respectively. Therefore, the previous results can be used to

provide conditions under which the total manifold M can be written as a product manifold. This idea is
summarized in the following result.

Corollary 5.6. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g). Then, if at least one of the conditions in theorem|5.4
and at least one in theorem are verified for ker w, and ker m, " respectively, then it must be the case that

M = Mkerﬂ'* X Mkerw*L'

That is, M can be thought of as a product manifold of the integral manifolds of ker w, and ker m,*.

1

Moving on from the distributions ker 7, and ker 7,*, we develop equivalent conditions for D% to be totally

geodesic.

Theorem 5.7. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, $,g) to a Riemannian manifold (N,g) where kerm, = D% @ D%. Then the following are
equivalent: for all X,Y € T(D%) and U € T'(D?%), where i # j and i,j € {1,2} :

1) D% is totally geodesic,

II) i) 0=g(X, Ty (ntU) + Ty (nU) + A,y (nU)),

it) 0 = g(m(ntU), (V. )(Y, X)) + g(m. (nU), (V) (6Y, X)),
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1) i) 0=g(VxtY,tU) + g(X, Tor (nY) + Ty (ntU)),
i) 0= g(VxtY,tU) + g((Vm,)(tU, X), m.(nY)) + g((Vr)(Y, X), 7 (ntU)),
IV) 0 = g(m.(nY), (Vm) (X, tU)) — (7. (nU), (V) (X, 1Y) + g(oU, VxtY + Any (X)),
V) 0= g(m.(nY), (Vr) (X, tU)) + g(me(¢VxY), me (nU)) + g(VxtY, tU).

x(t —&—tAXt +tTx(nY )+ nyY as no components in D & ker m,—.
VI) TTx(tY) +tVxtY +tTx (nY) + T (Any (X)) h P DY & ker 7, +

Proof. Let X,Y € I'(D%) and U € T(D%). Then, from theorem

— —esc® 6, ((Vm)(KX),mmU))+g<m<nU>,<w*><¢m>}

We know from lemma that D% is totally geodesic if and only if g(VxY,U) = 0 for each X,Y € I'(D%
and U € I'(D?%). Therefore, the first and last equations above show that item [I)} item [[1(i)} and item
are equivalent.

To prove the equivalence of item [[)| item [III(i), and item [[11(ii)l we use theorem [4.2]to write the following:

g(VxY,U) = sec 6; g Y, tU) + g(X, Tiw(nY) + Ty (ntU))}

—sec; |g tY,tU)_g(ﬁU(X),nY)—g(TY(X),ntU)}

v

9(v

= sec®0; [9(VxtY,tU) = §(m.(Tov (X)), m(nY ) = (. (T3 (X)), 7. (nt0)|

= sec? 0, g(VXthU) G(m (Vi X), m(nY)) — g(m(vYX),w*(ntU))]
(

= sec? 6; 9 VxtY, tU) + §((Vm.)(tU, X), . (nY)) + g((Vm)(Y,X),m(ntU))}

Using lemma again, the first and last equations above show the equivalence of item [I)| item [[II(i), and
item [III(ii)|
To prove equivalence of item [I)| and item we expand ¢g(VxY,U) in the following manner:

9(VxY,U) = g(Vx¢Y,oU)
=g(VxtY + VxnY tU +nU)
= g(Tx (tY) + VxtY + Tx (nY) + HVxnY ,tU + nU)
= g(VxtY,tU) + g(Tx (nY), tU) 4+ g(Tx (tY),nU) + g(H VxnY ,nU)
= g(VxtY, oU) — g(nY, Tx (tU)) + g(Tx (tY),nU) 4+ g(H VxnY, ¢U)
= g(¢U, VxtY + HVxnY) — g(m.(nY), 7. (Tx (tU))) + §(me (nU), 7. (Tx (£Y)))
= g(U, VxtY + Apy (X)) + g(m. (nY), (V) (X, tU)) — g(m.(nU), (V) (X, tY)).

By lemma the final equation above demonstrates that item |I)| and item are equivalent.
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We now employ a similar method to show the equivalency of item [[)] and item this time employing

item from corollary

9(VxY,U) = g(¢VxY,0U)

O(Tx (Y) + VxY),tU +nU)

TTx(Y)+ NTx(Y) +tVxY +nVxY,tU 4+ nU)

TTx(Y) +tVxY,tU) + g(NTx (V) + nVxY,nU)

tY 4+ Tx (nY), tU) + g(NTx (Y) +nVxY,nU)

tY,tU) — g(nY, Tx (tU)) + g(NTx (Y) + nVxY,nU)

VxtY, tU) — g(m, (nY), 7 (Tx (t0))) + g(me (NTx (V) + nVxY), 7 (nU))
VxtY, tU) + g(m.(nY), (Vr.) (X, 10)) + g(m(3(Tx (V) + VxY)), 7 (nU)
= g(VxtY,tU) + g(m.(nY), (V) (X, tU)) + §(me (¢V x Y), 7. (nU)).

Using lemma again, the result follows.
For the final result, we quote eq. (5.1)):

VxY = ITx(tY) +tVxtY +tTx (nY) + T (Apy (X)).

Using lemma once more, it is clear item [[){ and item are equivalent. O

Using this theorem above, we may find equivalent conditions to express the integral manifold of ker 7,
(denoted My, ) as a product manifold, in a similar manner to corollary This time, though, Myer -, is
broken down into the integral manifolds of D% and D2, denoted Mps, and Mpe, respectively.

=g(
=g(

=g(
= 9(Vx
= 9(Vx
=g(V
=g(

Corollary 5.8. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g). Then, if at least one condition in theorem[5.7 is verified
for both D% and DY, it must be the case that

Mkerﬂ-* = MD91 X MDGZ.
That is, Myer . can be thought of as a product manifold of the integral manifolds of D and D% .
To finish this section, we incorporate the totally geodesic condition in relating the canonical forms ¢,n, 7,
and N. As shown before in theorem Vn = 0 if and only if V.7 = 0; from this, it seems natural to try

and find a relationship between the parallel conditions for N and ¢. Interestingly, these two forms are related
in a similar manner when we incorporate total geodesicity. The following theorem summarizes this result.

Theorem 5.9. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to Riemannian manifold (N,g). If ker m, is totally geodesic, then VN = 0 if and only if
Vit =0.

Proof. Assume ker 7, is totally geodesic and let U, V, X € I'(ker 7). Then:
9(X, TTu(V)) = 9(X,9Tu(V)) = g(¢ X, Tu(V)) = g(n X, Tu(V)) = —9(Tu (nX), V) = —g(¢Tv (nX), ¢V)
= —g(tTu(nX),tV) — g(nTy(nX),nV).
By assumption that VN = 0, we then know nTy(nX) = Ty (I nX) by eq. . Thus, by corollary
9(X, TTu(V)) = —g(tTu (nX), tV) — g(Tu (I nX),nV)
= —g(tTu(nX),tV) + g(InX, Tu(nV))
= —g(tTo(nX),tV) + 9(X, Tu(nV)) — g(t*X, Ty (nV))
—9(Tu(nX), V) + g(X, Ty (nV)) + g(Tu (£*X),nV)
= g(Tu(t*V),nX) + g(X, T (nV)) + g(To (1> X),nV)
= 9(X, TTu(V) = Tu(nV)) = g(Tu(t*V),nX) + g(To (t*X),nV).

However, since ker 7, is totally geodesic, we know by corollary that Ty (t2V) = 0 = Ty (t2X), implying
9(X, TTy(V) — Tu(nV)) = 0. Since this equation is true for all X,U,V € I'(ker7.), we know JT;(V) —
Tu(nV) =0, meaning Vt = 0 by eq. (3.4).
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To show the converse, let 3 € T'(ker w,*). Then:
9(8,nTu(§)) = 9(8,¢Tu (&) = 9(08, Tu(§)) = 9(T B, Tu(§)) = —9(Tu (T B), &) = —9(¢Tu (T B), ¢€)
= —9(TTu(TB), 7€) —g(NTu (T B), N§).
Assuming Vt = 0, we know T Ty (7 5) = Tu(nT B) by eq. . Then by corollary
9(B;nTu(§)) = —9(Tu(nT B), 7&) — g(NTu (T B), N§)

=9(nT B, Tu(7¢€)) — g(NTy (7 B), N§)
= 9(8,Tu (7€) — g(N*B,Tu (7€) — g(NTu (7 ), N§)
= 9(8,To (7€) — 9(Tu (7€), N?B) — g(Tu (7 B), N*¢)

= g(B,nTu () — Tu(7€)) = —g(Tu(T€),N*B) — g(Tu (T B), N*¢).

Due to ker 7, being totally geodesic, we see Ty (T€) = 0 = Ty (7 ), implying g(8,nTu () — Tu (7€)) = 0.
Therefore, using eq. (3.7), we see (Vi N)¢ = nTy(€) — Tu(TE) =0 for all U € T'(ker7,) and & € T'(ker 7. b),
implying VN = 0. ]

6. PLURIHARMONICITY

We now introduce the pluriharmonic condition for the submersion 7. Pluriharmonic morphisms are of
interest because they are a generalization of harmonic morphisms, and these maps are used widely in theo-
retical differential geometry and many applied mathematical fields like Quantum Field Theory, gravitation in
Astrophysics, Geophysics, and more. In this report, we use the pluriharmonic condition to derive equivalent
conditions for integrability and special types of geodesicity for the pointwise slant distributions D%, and we
also develop equivalent conditions for pluriharmonicity in special cases. First, we define what it means for
the submersion 7 to be pluriharmonic, nD%-geodesic, and totally geodesic (not to be confused with a totally
geodesic distribution, as covered in the previous section), then present relevant results.

Definition 6.1. Let 7 be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N, g). Suppose that S is a distribution on M. We say that =
is 8 — ¢ — pluriharmonic if for each X,Y € T'(S)

(V1.)(X,Y) + (Vr) (X, 6Y) = 0.
If S is given by the tangent bundle T'M, then 7 is said to be ¢ — pluriharmonic.

Definition 6.2. Let 7 be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N, g). We say that 7 is a totally geodesic map if for each
X, Y eT(TM)
(Vm)(X,Y) =0.
We also say  is an nD% -geodesic map if, for all W, Z € T\(D%),
(Vr,)(nW,nZ) = 0.
From the definition of a pluriharmonic submersion, we have two immediate corollaries.

Corollary 6.3. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g). If w is ¢—pluriharmonic, then:

(Vm)(9X,Y) = — (Vm)(X, ¢Y)
Proof. Because 7 is ¢—pluriharmonic we have that
(Vm)(X,Y) = = (Vm.) (90X, ¢Y)
for each X, Y € T'(T'M). But then it must be the case that:
(VI )(¢X,Y) = — (V) ($° X, 9Y) = — (Vm.)(X, ¢Y)
O

Corollary 6.4. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian

manifold (M, ¢, g) to a Riemannian manifold (N,g). Then for each X,Y € I'(ker7,),
(Vm)(X,Y) = (Vm,)(Y, X).
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Proof. Let X,Y € I'(ker7r,.). Then:
(VI )(X,Y) = (Vr) (Y, X) = VET.(Y) = m(VxY) = (Vi (X) = m(Vy X))
= W*(VyX - ny)
= m([Y, X]).
Because both X and Y are vertical, we know their Lie bracket is vertical. Therefore, their push forward is

0, and the desired result follows. O

Now that these corollaries are established, we may now present more relevant results using these corollaries.
First, we show equivalent conditions for 7 being pluriharmonic using two geodesic conditions.

Proposition 6.5. Let m be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g), and assume that ker 7, is totally geodesic and that
is an nD% -geodesic map, where j € {1,2}. Then the following are equivalent:

1) 7 is D% — ¢—pluriharmonic,
II) Any (tX) 4+ Apx (1Y) =0 for each X,Y € I'(D%),

III) nV,xY + NA,x(Y) +nV,xY — HV,xnY =0 for each X,Y € T'(D%),
Proof. Let X,Y € I'(D%). Then:
(VI )(X,Y) + (Vm) (90X, 0Y) = VAT (V) = 1 (VX Y) + Vi (9Y) — ma(Vpx 6Y)
= - (VxY)+ VIxm(nY) — m.(Vyx9Y)
= —m(Tx(Y)) + Vixm(nY)
— Ty (Vtxty + VixnY + V, xtY + VanY)
= —m.(Tx(Y)) + (V) (nX,nY)
— i (Tix (YY) + Aoy (tX) + A, x (tY)).

Using the condition that ker 7, is totally geodesic, we know from corollary [5.3| that 7. (7Tx (Y)) = m(0) =0
and that 7. (T;x (tY)) = 0. We also know, since 7 is nD% — geodesic, that (V7,)(nX,nY) = 0. Then:

(VA )(X,Y) 4+ (V) (90X, ¢Y) = =7 (Apy ((X) + Anx (tY)).
Thus, if © is D% — ¢ —pluriharmonic, then 7, (A,y (tX) + An,x (tY)) = 0. Since A,y (tX) + A, x(tY) is
horizontal, then it must be that A,y (tX) + A,x(tY) = 0. Conversely, if A,y (tX) + A,x(tY) = 0, then
(VI )(X,Y) + (V7)) (¢ X, ¢Y) = 0, proving item [I)| is equivalent to item
For the other result, we start at a similar point but use the parallel condition on ¢ to write the following;:
(VA )(X,Y) + (V) (90X, 0Y) = VAT (Y) = 1 (VxY) 4+ Vixm(8Y) — e (Vx 9Y)
= . (VxY) + Vixm(nY) — m(6(VexY))
= -7 (VxY) 4+ V] xm(nY)
— 1 (B(Tix (V) + VixY + Aux (V) + VaxY))
= —m(Tx(Y)) + Vix7(nY)
— 1 (NTix(Y) +nVixY + NA,x (Y) 4+ nV,xY)

Using the condition that ker 7, is totally geodesic, we know that m,(Tx(Y)) =0, NT;x(Y) = N(0) =0, and
that V,xY = V,xY. Moreover, since 7 is nD% — geodesic, we know VI me(nY) = 1. (VpxnY). Therefore,
(V) (X,Y) 4+ (V) (60X, 0Y) = =1 (nVixY + NAnx (V) +nV,xY — H V,xnY).

The equivalence of item [[)| and item then follows in a similar manner. O

(6.1)

Proposition 6.6. Let w be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢,q) to a Riemannian manifold (N,g). Let j € {1,2} and suppose that 7 is D% — ¢ —
plurtharmonic. Then the following are equivalent:

1) m is nD% -geodesic,
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) Tx(Y) + Tix (tY) + Any (tX) + Aux (tY) = 0 for all X,Y € T(D% ).
Proof. Let X,Y € T'(D%). By assumption, (V,)(X,Y) + (Vm.)(¢X, ¢Y) = 0, and then by eq. :
0=—m(Tx(Y)) + (Vm.)(nX,nY) — m(Tex (1Y) + Any (tX) + A x (tY))
= (Vm)(nX,nY) =m(Tex (tY) + Any (tX) + Ao x (tY) + Tx (Y)).

Since all terms in the argument of the push-forward of 7 are horizontal, the result is then clear. (Il

Finally, we may update the integrability condition given in theorem [4.3|for the pointwise slant distributions
DY% when our submersion is ¢—pluriharmonic. Only the changed conditions are listed below, but all others
remain true.

Proposition 6.7. Let m be a pointwise bi-slant Riemannian submersion from locally product Riemannian
manifold (M, ¢, g) to Riemannian manifold (N,g) where ker 7w, = D% @ D%. Let i,j € {1,2} where i # j,
and assume m is ¢—pluriharmonic. Then the following conditions are equivalent:

I) D% is integrable,

II) 0 = g(me(nU),2(Vm)(Y,0X) + (Vr.)(nX,Y) — (V) (Y,nX)) for each X,Y € I'(D%) and U €
[(D%).

Proof. Let X,Y € T'(D%) and U € I'(D%). By theorem we know D% is integrable if and only if
0= g(me(nU), (Vrm) X, Y) + (V) (n X, Y) — (V) (tY, X) — (V7)) (nY, X)). We may then manipulate the
metric using the pluriharmonicity condition and corollary

gm(nU), (Vr ) (tX,Y) + (Vm,) (nX,Y) — (V) (tY, X) — (V7)) (nY, X))

= g(me(nU), (Vr) (Y, tX) — (V) (Y, X) + (Vm ) (nX,Y) — (Vm,) (nY, X))
g(m(nU), (Vr) (Y, 0X) — (V) (Y, nX)) — (V) (Y, X) — (V) (nY, X))
+ (Vm)(nX,Y) — (V) (nY, X))
G (A1), 2V (Y, 6X) + (V) (nX, V) — (V) (¥, n X))

The result then follows. O

7. ¢-INVARIANCE

For the final section of this report, we discuss ¢-invariance. This condition seems fairly similar to the
pluriharmonic case, and while its mathematical implementation is quite similar, the application and inter-
pretation is not. As we will see, many results are similar (or even remain the same) when compared to
the pluriharmonic case, but certain simplifications exist in important integrability conditions under this
assumption. Thus, let us define precisely the ¢-invariant condition, and then provide relevant results.

Definition 7.1. Let 7 be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N, g). Suppose that S is a distribution on M. We say that =
is S — ¢ — invariant if for each X, Y € T'(S)

(Vm)(X,Y) = (V) (60X, ¢Y)

If S is given by the tangent bundle T'M, then 7 is said to be ¢ — invariant.

Clearly, if 7 is ¢p—invariant, then (Vr,)(¢X,Y) = (V) (X, #Y") for any vector fields X and Y. Moreover,
as said before, certain theorems originally related to ¢—pluriharmonicity remain the same when considering
¢—invariance instead. The next proposition is one such case, which has the same results as proposition

Proposition 7.2. Let w be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢,g) to a Riemannian manifold (N,g), and assume that ker 7, is totally geodesic and that
is an nDY% -geodesic map, where j € {1,2}. Then the following are equivalent:

1) 7 is D% — ¢p—invariant,

II) Ay (tX) 4+ Aux (tY) =0 for each X,Y € I'(D%),
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IIT) nVixY + NAnx (V) + nV,xY — HV,xnY =0 for each X,Y € T'(D%),

Proof. This follows in a similar manner to the proof of proposition [6.5 (I

While the previous proposition remained invariant in comparison to a corresponding result under pluri-
harmonicity, the next proposition demonstrates that corresponding results by no means have to remain the
same when converting to ¢—invariance from ¢—pluriharmonicity.

Proposition 7.3. Let w be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g). Let j € {1,2} and suppose that 7 is D% — ¢p—invariant.
Then the following are equivalent:

I) 7 is nD% — geodesic,

II) Tix(tY) — Tx (V) + Ay (tX) + A, x (tY) = 0 for all X,Y € T'(D%).
Proof. Let X,Y € I'(D%) and assume 7 is D% — ¢—invariant. Then, in a similar manner to eq. 7 we
know the following is true:
0= (Vr)(X,Y) = (Vi) (6X, 6Y)
0=—m(Tx(Y)) = (V) (nX,nY) + mu(Tex (1Y) + Any (tX) + Apx (tY))
(7.1) = (Vm)(nX,nY) = 1. (Tex (tY) + Ay (tX) + Ao x (1Y) — Tx (Y)).

Since Tex (tY) + Apy (tX) + Aux (1Y) — Tx (Y) is horizontal, the result follows. O
We also may propose equivalent conditions for ker 7, to be totally geodesic under the ¢—invariant condi-
tion.

Proposition 7.4. Let w be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, g,¢) to a Riemannian manifold (N,g). Suppose that 7 is ker ., — ¢ — invariant. Then the
following are equivalent: for oll X,Y € T'(kermy),

I) kerm, defines totally geodesic foliations on M

1) (V) (nX,n¥) = 7 (A (1Y) £+ Auy (£X) + Tox (1)
Proof. Let X,Y € I'(ker 7r,) and assume 7 is ker 7, — ¢— invariant. Then, in a similar manner to eq. ({7.1)),
(Vi) (0X, 1Y) = 7 (Any (£X) + Aux (E) + Tox (£Y) = Tx (V).

We see if (V. )(nX, nY) = m.(Any (tX) + A x (1Y) +Tix (1Y) for all X, Y € I'(ker 7, ), then 0 = 7, (Tx (Y)),
implying Tx (Y') = 0 since Tx (Y') is horizontal. Therefore, 7 = 0 on ker 7, implying ker 7, is totally geodesic
by corollary [5.3] The converse is clearly true. O

Lastly, we may present equivalent conditions for the integrability of D% . This condition is quite similar
to the one given in proposition [6.7] but, interestingly, the condition simplifies nicely in comparison to the
¢—pluriharmonic case.

Proposition 7.5. Let w be a pointwise bi-slant Riemannian submersion from a locally product Riemannian
manifold (M, ¢, g) to a Riemannian manifold (N,g) where ker 7, = D% @ D%. Leti,j € {1,2} wherei # j,
and assume 7 is ¢—invariant. Then the following conditions are equivalent:

I) D% is integrable,

II) 0 = g(m.(nU), (V) (nX,Y) — (Vr.)(Y,nX)) for each X,Y € I'(D%) and U € T'(D%)

Proof. Again by theorem we know DY is integrable if and only if 0 = g(m.(nU), (V) (tX,Y) +
(Vr)(nX,Y) — (V) (tY, X) — (Vm)(nY, X)) for each X,V € I'(D%) and U € T'(D%). We may then
manipulate this metric relation in a similar manner to the proof of proposition [6.7}

g(m(nU), (V) (tX,Y) + (V) (nX,Y) — (V) (tY, X) — (V) (nY, X))
= g(m.(nU), (Vm)(Y, 9X) — (Vm)(Y,nX)) — (Vm.) (Y, X) — (V) (nY, X))
(V) (nX,Y) - (Vr.) (Y, X))
= gl (), (V) (Y, nX) + (V) (n X, V)
The result then follows. O
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